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Notation

Given a local field K, we let v : K — Z U {00} be the normalized
valuation on K (vk(0) = oo). Notationally we have the following:

ek = vk(p) is the absolute ramification index;

Ok = {x € K : vk(x) > 0} is the ring of integers;

My = {x € K: vk(x) > 1} is the maximal ideal of O;

Tk is a uniformizer for K.

If Ko € K1 C K> is a tower of totally ramified fields we may replace the
subscript K; by the subscript i for 0 < i < 2 giving us v;, €, 9;, I; and

;.
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Ramification groups

Let L/K be a Galois extension of degree p” of local fields with Galois
group G. For i > —1 we define the i-th ramification subgroup by
Gi={o€G:v((oc—1)m)>i+1}. Itis well known that G; is a normal
subgroup of G and the quotient G;/Gj 1 is an elementary abelian p-gorup.
This allows us to choose a composition series

G =HyD Hi1D..DHs1 D Hp,= {1} such that H;/H;11 = C, for
0<i<n—1land {G;:i>—-1} C{H;:0<i<n}.
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Ramification numbers

For 0 <i<n-—1, choose gi11 € H; \ Hit1 and set
b; = vi((oj — 1)m,) — 1, this integer is independent of the choices made
and we call it the i-th lower ramification number.

The upper ramification number uq, ..., u, are defined recursively by

bi — bj_1
up = by, ui = uj_1 +

Tfor2§l§n
pP



Introduction

Introduction |

In 2013 N.P. Byott and G.G. Elder constructed totally ramified

Cp

this was a Kp-basis for K[Gal(K>/Kp)] whose effect on the valuation of

2-extensions in characteristic p, K,/Kp, which possess a Galois scaffold,

elements of Kj is easy to determine.

If K3/Kp is such an extension, it is the case that the lower ramification
numbers for K /Ky are relatively prime to p and fall into one residue class
modulo p?, represented by 0 < b < p2.

They conclude that the ring of integers 5 is free over its associated order

Ak, ko = {a € Ko[Gal(K2/Ko)] : a2 € Do} if and only if b | p* — 1.

Paul Schwartz Galois Scaffolds May 27, 2021 5 /30



Introduction I

Since 2013, much work has been done to generalize Galois scaffolds, make
them easier to construct, and study how they determine Galois module
structure.

We combine the new theory with Byott and Elder's 2013 paper and
Artin-Schreier Witt vectors in characteristic 0 (thanks to the
recommendation of Elder) in order to translate these results to the setting

of sz—extensions in characteristic 0.
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gEeEn| .
Defining Galois Scaffold |

Let Ky be a local field with residue characteristic p.

Assume K,/ Kj is a totally ramified sz—extension whose lower ramification
numbers are relatively prime to p and fall into one residue class modulo p?
represented by 0 < b < p2.

Let S,z = {0,1,...,p?> — 1}. Define a: Z — S,z by a(j) = jb~* mod p?.
For 0 </ <1 let a(j)(;) denote the i-th digit in the p-adic expansion of

a(j).
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Defining Galois Scaffold I

Let G = Gal(K2/Kp). Given an integer ¢ > 1, two things are required for a
Galois scaffold of precision ¢ [BCE, Definition 2.3]:

1. For each t € Z an element ¢ € K5 such that vo(\:) = t and

)\5)\;1 € Ko whenever s =t mod p?.

2. Elements W1, W5 in the augmentation ideal (0 —1: 0 € G) of Ky[G]

such that foreach1 <i<2andte€Z

ui,t>‘t—|—p2*"b,- mod )‘t+p2*"b;m§ if a(t)(z_,-) >1

\U,’)\t =
0 mod Ay po-ip, M5 if a(t)e—iy =0

where uj ¢ € K and vk(uj¢) = 0.
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Depth of ramification

Let K be a local field and let L/K be a finite extension. We have the
following definition from Hyodo (1987). For finite M/L, and
F € {M, L, K} define the depth of ramification (with respect to F) by

dr(M/L) == inf{vr (Trm/i(y)/y) : v € M\ {0}}.
It is elementary to see that de(M/L) > 0. Hyodo points out that
dr(M/L) = ve(Dmy1) — ve(mL) + ve(mm) (1)
where D,/ is the different for M/L.
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Nice formulas

Witt Vectors in Characteristic 0 _
So if M/K is a totally ramified C.-extension we see that
du(M/K) = (p —1)b> + p(p — 1)b1.
It also follows from (1) that

for any intermediate field N.

dr (M/L) = dr(M/N) + d (/L)

u}
o)
I
i
it
9

9
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Witt vectors

Let B be a commutative ring with unity. Let

Si(X, ) =X1+ "
So(X1, X2, Y1, Y2) = Xo + Yo +
addition defined by

Xf + Ylp — (Xl + Yl)P
p .
Let the Witt vectors of length 2 over B be the set W,(B) = B x B with
Paul Schwartz

(a1, a2) @ (b1, bo) = (S1(a1, b1), S2(a1, a2, b1, bo)).
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Artin-Schreier operator

Define the Frobenius map F : W(B) — W(B) by F(a1, a2) = (a7, a5). The
map g = F — id (Witt vector subtraction) is called the Artin-Schreier

operator.

The following allows us to construct C.-extensions using Artin-Schreier

equations.

u}
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I
i
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Artin-Schreier Witt equations

From this point Ky denotes a finite extension of Q, and we fix an

, I
algebraic closure K3 of Ko.

Theorem (Vostokov, Zukov; 1995)

Let a1 € Ky such that —pZ”_leo < vp(a1) <0. Also let a, € Ky with
Vo(al) + Vo(az) > —%eo. Put K> = Ko(Xl,Xz) for p(Xl,XQ) = (31, 32). If

x1 ¢ Ko, then Ka/Kp is a C2-extension and

2
dKO(Kg/Ko) < %2%1)60.

[} = =



Choices

Here we use Witt vectors to construct a totally ramified C,»-extension
which possesses a Galois scaffold.

Choice

Choose a1 € Ko \ p(Ko) such that pf vo(a1) and — P e < wo(a1) <O0.

Choice
Choose . € Ky such that m := —vg(u) > 0 satisfies:
Leo>pm—(2+;)v(a) (2)
p—1 p(p—1)) 07
p’m > —(p* = 1)vo(ar)- (3)

Paul Schwartz



Declarations

Set ap = pPar and let x1, x € Kglg satisfy p(x1,x2) = (a1,a2). That is to
say
Xf — X1 = a1
Set

and P

X2_

X2 = az +
Kl = Ko(Xl)

xP+af —(x1+a1)P
P
and

Cp-extension and K>/Kp is a sz—extension.

Paul Schwartz

Kz = Ko(x1, x2).
Observe that a; and a» were chosen so that Ki/Kj is a totally ramified
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Ramification

Since p | vi(a2) we have to prove the following:

Proposition (Keating, S; 2021)

Ko/ Ko is a totally ramified extension with lower ramification numbers

b1 = —vo(a1) and by = p?’m + by. The upper ramification numbers for

Ka/Ko are uy = by and ux = —vp(a2) = pm + by.

It follows from (3) that

by > p?by. (4)
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Because we're in characteristic 0

Proposition (Keating, S; 2021)
Let C; = ’w €K

. There is 01 € Gal(K2/Ko) such that
(o1 —1)x1 =1+c¢€

(0'1 — 1)X2 = +4

where va(€) = p?eg — p(p — 1)b1 > 0 and va(0") > 0.

o1(x1,x2) = (x1,x2) ® (1,0)  mod Wa(My)
o F - = o
" GaloisScaffolds | May27, 2001 17730

This means that
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Things we need for the scaffold

Set 0p = o, we find that o2(x1, x2) = (x1,x2) & (0,1) mod Wa(9My).
So (02 — 1)xa = 14 ¢ for some 0 € My. Moreover, we can show that
va(8) > p?ep + (p — 1)vi(a2) = p?e0 — p(p — 1)up > 0.

For x,y € Ky we have truncated exponentiation given by

W — pz_l ({)(X_ 1)’

i=0

where () = YO0,
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Building the Scaffold |
The scaffold

Following the construction given in " Sufficent conditions for large Galois

scaffolds” [Byott, Elder; 2018] we get a scaffold.
Theorem (Keating, S; 2021)

There is a Galois scaffold for K> /Ky of precision
¢ > min{by — p°b1, p’eg — (p — 1)b — p(p — 1)b1 }

with Wy and W, defined by W1 + 1 = o104 = o Z ( )(02 — 1) and

Y, =0, — 1.

u}
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Meat and potatoes

Thanks to the work done in " Scaffolds and Generalized Integral Module
Structure” [Byott, Childs, Elder; 2018] we get the following:
Corollary (Keating, S; 2021)

Foreach0<i j<p-1
Vo (WiWéa) = wa() + jba + ipby

whenever o € K satisfies vo(a) = by mod p?.

u}
o)
I
i
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Book keeping

For a > 0 let
3(1) s 2(0) 2
v _ VWY a<p
0, otherwise
where a = Z a(,)pi with 0 < a;y < p— 1. Also define a function b from
i=0

the non-negative integers to Z U {oc} by

1+ + b1, < p?
b(a) = (1+au))b2 +a)pb1, a<p

0, otherwise

If p € Ko with va(p) = by, we see that vo(W(%)p) = b(a) for 0 < a < p2.
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Basis elements

For0<a< p? setd,= L%J so b(a) = d,p? + r(b(a)) where r(b(a))
is the least non-negative residue modulo p? of b(a). Also set d, = 0o
when a > p?. For 0 < j < p? let w; = min{dj1,—d;:0< a< p?—j}
Fix po € Ko with vo(pg) = r(b2) Set p = 7rg°po, so va(p) = ba. Moreover,
for a > 1 set
Pa = ﬂ[)_d"\ll("’)p.

Now p, = 0 whenever a > p? and v»(p,) = r(b(a)) when 0 < a < p°.
Thus {p.}7 5" is a Dg-basis for 0. Additionally, {W(®}7 L is a Ko-basis
for Ko[G].
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Obstacles

In characteristic p it is the case that W? = W5 and W5 = 0. In

characteristic 0 we have to make due with the approximations

2
Vip=Wp mod smz” eo—(p=1)ba+pby

Vip=0 mod 9ﬁ§2e°+b2.

Additionally, in characteristic p it is true that WWp, = x5~ % . for all
Jjy,r > 0. This is a very powerful result and it takes a lot of calculations to

make up for its absence.
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More like characteristic p

Observe that if

p’eo —(p+1)ba+(p—1)by >0
This leads us to our main result...
Paul Schwartz

(5)

then p?eg — (p — 1)by + pb1 > 2b, which implies that vo(Wfp) = 2b,.



Main result

Theorem (Keating, S; 2021)

Let K2/ Ko be the sz -extension constructed using the choices above.
Assume further that the lower ramification numbers by and by satisfy (5).
(a) The associated order A, /k, of D2 has Do-basis {Tro_wjlll(j)}fial.

(b) If wj = d; — do for all 0 < j < p? — 1, then O, is free over Ak, /Ky
moreover, D2 = Ak, /i, * Po-

(c) Conversely, if O3 is free over U, k, then w; = d; — do for all

0<j<p*—1.
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Final result

Corollary (Keating, S; 2021)

Let K2/ Ky satisfy the conditions of the previous theorem. Let r(by) be the
least non-negative residue of by modulo p?. Then O is free over its
associated order U, /k, if and only if r(by) | p? — 1. Furthermore, if O3 is

free over Uy, K, then D2 = Uy, K, - po for any po € Ky such that
va(po) = r(b2).
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End

Thank You



Galois Module Structure
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